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1. Introductions 

One of the main purpose of this paper is to compare those well-known canonical and complete 
metrics on the Teichmiiller and the moduli spaces of Riemann surfaces. We use as bridge two new 
metrics, the Ricci metric and the perturbed Ricci metric. We will prove that these metrics are 
equivalent to those classical complete metrics. For this purpose we study in detail the asymptotic 
behaviors and the signs of the curvatures of these new metrics. In particular we prove that the 
perturbed Ricci metric is a complete Kahler metric with bounded negative holomorphic sectional 
curvature and bounded bisectional and Ricci curvature. 

The study of the Teichmiiller spaces and moduli spaces of Riemann surfaces has a long 
history. It has been intensively studied by many mathematicians in complex analysis, differential 
geometry, topology and algebraic geometry for the past 60 years. They have also appeared in 
theoretical physics such as string theory. The moduli space can be viewed as the quotient of 
the corresponding Teichmiiller space by the modular group. There are several classical metrics 
on these spaces: the Weil-Petersson metric, the Teichmiiller metric, the Kobayashi metric, the 
Bergman metric, the Caratheodory metric and the Kahler-Einstein metric. These metrics have 
been studied over the years and have found many important applications in various areas of 
mathematics. Each of these metrics has its own advantages and disadvantages in studying 
different problems. 

The Weil-Petersson metric is a Kahler metric as first proved by Ahlfors, both of its holo- 
morphic sectional curvature and Ricci curvature have negative upper bounds as conjectured by 
Royden and proved by Wolpert. These properties have found many applications by Wolpert, 
and they were also used in solving problems from algebraic geometry by combining with the 
Schwarz lemma of Yau El)- -^^^ ^ ^^^^ proved by Masur it is not a complete metric 
which prevents the understanding of some aspects of the geometry of the moduli spaces. Siu 
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and Schumacher extended some results to higher dimensional cases. The works of Masur and 
Wolpert, Siu and Schumacher will play important roles in our study. 

The Teichmiiller metric, the Kobayashi metric and the Caratheodory metric are only Finsler 
metrics. They are very effective in studying the hyperbolic property of the moduli space. Royden 
proved that the Teichmiiller metric is equal to the Kobayashi metric from which he deduced the 
important corollary that the isometry group of the Teichmiiller space is exactly the modular 
group. Recently C. McMullen introduced a new complete Kahler metric on the moduli space 
by perturbing the Weil-Petersson metric By using this metric he was able to prove that 
the moduli space is Kahler hyperbolic, and also to derive several topological consequences. The 
McMullen metric has bounded geometry, but we lose control on the signs of its curvatures. 

In the early 80s Cheng- Yau [Ij and Mok-Yau 10) proved the existence of the Kahler-Einstein 
metrics on the Teichmiiller space. Since the Kahler-Einstein metric is canonical, it also descends 
to a complete Kahler metric on the moduli space. More than 20 years ago Yau jl8j conjectured 
the equivalence of the Kahler-Einstein metric to the Teichmiiller metric. We will prove this 
conjecture in this paper. Since the McMullen metric is equivalent to the Teichmiiller metric, so 
we have also proved the equivalence of the Kahler-Einstein metric and the McMullen metric. 

The method of our proof is to study in detail another complete Kahler metric, the metric 
induced by the negative Ricci curvature of the Weil-Petersson metric which we call the Ricci 
metric. We first study its asymptotic behavior near the boundary of the moduli space, we prove 
that it is asymptotically equivalent to the Poincare metric, and asymptotically its holomorphic 
sectional curvature has negative upper and lower bound in the degeneration directions. But 
its curvatures in the non-degeneration directions near the boundary and in the interior of the 
moduli space can not be controlled well. To solve this problem, we introduce another new 
complete Kahler metric which we call the perturbed Ricci metric, it is obtained by adding a 
multiple of the Weil-Petersson metric. We compute the holomorophic sectional curvature and 
the Ricci curvature of this new metric. We show that they are all bounded below and above, 
and the holomorphic sectional curvature has negative upper and lower bounds. By applying the 
Schwarz lemma of Yau we can prove the equivalence of this new metric to the Kahler-Einstein 
metric. The equivalence of the perturbed Ricci metric to the McMullen metric is proved by a 
careful estimate of the asymptotic behavior of these two metrics. 

To state our main results in detail, let us introduce some definitions and notations. Here for 
convenience we will use the same notation for a Kahler metric and its Kahler form. First two 
metrics and ujr2 are called equivalent, if they are quasi-isometric to each other in the sense 
that 

for some positive constant C. We will write this as ~ i^t2- 

Our first result is the following asymptotic behavior of the Ricci metric near the boundary 
divisor of the moduli space. Let Tg denote the Teichmiiller space and M.g be the moduli space 
of Riemann surfaces of genus g where g > 2. A4g is a complex orbifold of dimension 3g — 3 as 
a quotient of Tg by the modular group. Let n = 3g — 3. Let lvwp denote the Weil-Petersson 
metric and = —Ric{LOwp) be the Ricci metric. It is easy to show that there is an asymptotic 
Poincare metric on Aig. See Section for the construction. 

Theorem 1.1. The Ricci metric is equivalent to the asymptotic Poincare metric. 

This theorem is proved in Section 4. Our second result is the following estimates of the 
holomorphic sectional curvature of the Ricci metric. Note our convention of the sign of the 
curvature may be different from some literature. 

Theorem 1.2. Let Xq € Aig \ Aig be a codimension m point and let (ti, - ■ ■ , tm, Sm+i, • • • , Sn) 
be the pinching coordinates at Xq where ti,--- ,tm correspond to the degeneration directions. 
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Then the holomorphic sectional curvature of the Ricci metric is negative in the degeneration 
directions and is bounded in the non- degeneration directions. Precisely, there is a 6 > such 
that if\{t,s)\ < 6, then 

^^M = ^^^(1 + OK))>0 i! i<m 

and 

Ruu = 0(X) ^ i>m + l. 

Furthermore, on A4g the holomorphic sectional curvature, the bisectional curvature and the Ricci 
curvature of the Ricci metric are bounded from above and below. 

This is Theorem 4.4 of Section 4 of this paper. One of the main purposes of our work was to 
find a natural complete metric whose holomorphic sectional curvature is negative. To do this, 
we introduce the perturbed Ricci metric. In Section 5 we will prove the following theorem: 

Theorem 1.3. For suitable choice of positive constant C, the perturbed Ricci metric 

is complete and its holomorphic sectional curvatures are negative and bounded from above and 
below by negative constants. Furthermore, the Ricci curvature of the perturbed Ricci metric is 
bounded from above and below. 

Note that the perturbed Ricci metric is equivalent to the Ricci metric, since its asymptotic 
behavior is dominated by the Ricci metric. Now we denote the Kahler-Einstein metric of Cheng- 
Mok-Yau by u^ke which is another complete Kahler metric on the moduli space. By applying 
the Schwarz lemma of Yau we derive our fourth result in Section 6: 

Theorem 1.4. We have the equivalence of the following three complete Kahler metrics on the 
moduli spaces of curves: 

iL>KE ^ ^ ^T- 

Our final result in this paper proved in Section 6 is the equivalence of the Ricci metric and 
the perturbed Ricci metric to the McMullen metric. Let us denote the McMullen metric by ujm- 

Theorem 1.5. We have the equivalence of the following metrics: the McMullen metric, the 
Ricci metric and the perturbed Ricci metric: 

As a corollary we know that these metrics are also equivalent to the Teichmiiller metric, the 
Kobayashi metric, and the Kahler-Einstein metric. This proved the conjecture of Yau ^H|- In 
the second part of this work, we will study the Bergman metric and the Caratheodory metric. 
We believe that these two metrics are also equivalent to the above metrics. We will also study 
the goodness of the Ricci metric in the sense of Mumford, discuss the bounded geometry of the 
Kahler-Einstein metric and the perturbed Ricci metric, and study the stability of the tangent 
bundle of the moduli space of curves. 

This paper is organized as follows. In Section 2 we set up some notations and introduce the 
Weil-Petersson metric and its curvatures. In Section 3 we introduce various operators needed 
for our computations, we compute and simplify the curvature of the Ricci metric by using these 
operators and their various special properties. This section consists of long and complicated 
computations. Section 4 consists of several subtle estimates of the Ricci metric and its curvatures 
near the boundary of the moduli space. In Section 5 we introduce the perturbed Ricci metric, 
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compute its curvature and study its asymptotic behavior near the boundary of the moduh 
space. These results are then used in Section 6 to prove the equivalence of the several well- 
known classical complete Kahler metrics as stated above. In the appendix we add some details 
of the computations for the convenience of the readers. 

Acknowledgements The second author would like to thank H. Cao, P. Li, Z. Lu, R. Schoen 
and R. Wentworth for their help and encouragement. 

2. The Weil-Petersson metric 

The purpose of this section is to set up notations for our computations. We will introduce 
the Weil-Petersson metric and recall some of its basic properties. Let Mg be the moduli space 
of Riemann surfaces of genus g where g >2. A4g is a complex orbifold of dimension 3g — 3. Let 
n = 3g — 3. Let X be the total space and vr : X ^ Aig be the projection map. There is a natural 
metric, called the Weil-Petersson metric which is defined on the orbiford Aig as follows: 

Let ■si, ■ ■ ■ , Sn be holomorphic local coordinates near a regular point s G Aig and assume that 
z is a holomorphic local coordinate on the fiber Xg = 7r~^(s). For the holomorphic vector fields 
^ , • • • , gf- , there are vector fileds , • • • ,Vn on X such that 

(1) Tr^{vi) = ^ for i = 1, • • • ,n; 

(2) dvi are harmonic TX^-valued (0, 1) forms for i = 1, • • • , n. 

The vector fields f i , • • • ,Vn are called the harmonic lift of the vectors , • • • , g|- . The existence 
of such harmonic vector fields was pointed out by Siu jl2j . In his work Schumacher gave an 
explicit construction of such lift which we now describe. 

Since g > 2, we can assume that each fiber is equipped with the Kahler-Einstein, or the 
Poincare metric, A = ^^^^X{z, s)dz A dz. The Kahler-Einstein condition gives the following 
equation: 

(2.1) d,d^logX = X. 

For the rest of this paper we denote ^ by di and ^ hy dz. Let 

(2.2) ai = -X-^didzlogX 
and let 

(2.3) Ai = dztti. 
Then we have the following 

Lemma 2.1. The harmonic horizontal lift of di is 

Vi = di + Oidz. 

In particular 

Bi = Aidz(S)ctz£ H\X„TxJ 
is harmonic. Further more, the lift di Bi gives the Kodaira- Spencer map TgAig H^{Xs,Txg). 

Now we have the well-known definition of the Weil-Petersson metric: 

Definition 2.1. The Weil-Petersson metric on Aig is defined to be 

(2.4) Kjis)= I Bi-Wjdv= I AiA] dv, 
where dv = ^^^^-Xdz A dz is the volume form on the fiber Xg. 
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It is known that the curvature tensor of the Weil-Petersson metric can be represented by 
%fcl= / {{B,-Bj){n + l)-\Bk-Bi) + {B.,-Bi){n + l)-\Bk-Bj)}dv, 

J Xs 

where □ is the complex Laplacian defined by 

-1 5^ 
dzdz' 

By the expression of the curvature operator, we know that the curvature operator is nonpos- 
itive. Furthermore, the Ricci curvature of the metric is negative. 

However, the Weil-Petersson metric is incomplete. In Trapani proved the negative Ricci 
curvature of the Weil-Petersson metric is a complete Kahler metric on the moduli space. We call 
this metric the Ricci metric. It is interesting to understand the curvature of the Ricci metric, 
at least asymptotically. To estimate it, we first derive an integral formula of its curvature. 

3. Ricci metric and its curvature 

In this section we establish an integral formula 1)3. 30() of the curvature of the Ricci metric. 
The importance of this formula is that the functions being integrated only involve derivatives in 
the fiber direction which we are able to control. Thus we can use this formula to estimate the 
asymptotics of the curvature of the Ricci metric in next section. 

The main tool we use is the harmonic lift of Siu and Schumacher described in the previous 
section. These lifts together with formula (|3.2j) enable us to transfer derivatives in the moduli 
direction into derivatives in the fiber direction. 

We use the same notations as in the previous section. We first introduce several operators 
which will be used for the computations and simplifications of the curvatures of the Ricci metric. 

Define an (1,1) form on the total space X by 

g = ^ dd log A = ^ {9ijdsi A dsj — Xaidsi Adz — Xdidz A dsi + Xdz A dz). 
2 2 

The form g is not necessarily positive. Introduce 

2 

-1' 

be a global function. Let us write f-j = AiAj. Schumacher proved the following result: 

Lemma 3.1. By using the same notations as above, we have 
(3.1) (□ + l)e.^ = /.^. 

Since e^j and f-j are the building blocks of the Ricci metric, it is interesting to study its 
property under the action of the vector fields fi's. 

Lemma 3.2. With the same notations as above, we have 

Vkieij) = Wi(efcj). 

Proof. Since dg = 0, we have the following 

= dg{vi,Vk,Vj) = Vi{ef^-j) - Vk(e--j) +Vjg{vi,Vk) 

- 9{vi, [vk,Vj]) +g{vk, [vi,Vj]) - g{vj, [vi,Vk]). 

The Lie bracket of vj with vj or Vk are vector fields tangent to Xg, which are perpendicular to 
the horizontal vector fields Vi with respect to the form g. Thus the last three terms of the above 
equations are zero. On the other hand, g{vi,Vk) = 0. The lemma thus follows from the above 
equation. 

□ 
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e- = -^g{vi,vj) = 5- - Xaiaj 



We also need to define the following operator 

P : c°°(x,)^r(Ai'0(rO'ix,)), f^d,{x-'dj). 

The dual operator P* can be written as follows 

P* : r(AO'i(ri'Ox,)) ^ C"-(X,), B ^ X~'d,{X-'d,{XB)). 

The operator P is actually a composition of the Maass operators. We recall the definitions 
from ^ni- Let X be a Riemann surface and let k be its canonical bundle. For any integer p, let 
S{p) be the space of smooth sections of (k <^k~^)^. Fix a conformal metric ds'^ = p'^ (z)\dz\'^ . 

Definition 3.1. The Maass operators Kp and Lp are defined to be the metric derivatives Kp : 
S{p) S{p + 1) and Lp : S{p) — > S{p — 1) given by 

Kp{a) = ff-'d^ip-^a) 

and 

Lp{a) = p-^-^Up'a) 

where a £ S{p). 

Clearly we have P = KiKq. Also each element a £ S{p) has a well-defined absolute value \a\ 
which is independent of the choice of the local coordinate. We define the norm of a as in 

Definition 3.2. Let Q be an operator which is a composition of operators K^, and L*. Denote 
by \Q\ the number of such factors. For any a £ S{p), define 

||(t||o = sup \a\ 

X 

and 

\Q\<k 

We can also localize the norm on a subset of X . Let Q <Z X be a domain. We can define 

Ikllo.n = SUp|fT| 

and 

l|o"l|fe,c = ^ ||Qo-||o,o. 

\Q\<k 

Both of the above definitions depend on the choice of conformal metric on X. In the following, 
we always use the Kahler-Einstein metric on the surface unless otherwise stated. 

Since the Weil-Petersson metric is defined by using the integral along the fibers, the following 
formula is very useful: 

(3.2) dij 71= f L^^rj 

where ?? is a relative (1, 1) form on X. 

The Lie derivative defined here is slightly different from the ordinary definition. Let (pt be the 
one parameter group generated by the vector field Vi. Then ipt can be viewed as a diffeomorphism 
between two fibers Xg Xg/. Then we define 
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for any one form a. On the other hand, let ^ be a vector field on the fiber Xg. Then we define 

Lv,i = lim^((v?-t)4-0- 

We have the following 
Proposition 3.1. By using the above notations, we have 

Ly.a = i{vi)dia + dii{vi)a, 
where di is the differential operator along the fiber, and 

In the following, we denote L^. by Li. 

Lemma 3.3. By using the above notations, we have 

(1) Lidv = 0; 

(2) Lj{Bi) = -P{e^j) - f^jck ®dz + f^jd, ® dz; 

(3) Lk{Bj) = -P{e^j) - fkjd, ®dz + f^jd^ dz; 

(4) Lk{Bi) = {vk{Ai) -Aidzak)dz ® dz; 

(5) LjiAj) = {v!{Ai) - Aidm)dz^dz. 

Proof. The first formula was proved by Schumacher in To check the other formulas, we 
note that the third and fifth formulas follow from the second and fourth, which we will prove, 
by taking conjugation. We first have 

dzak = dz{-\~^dkdz\og\) = X'^ dzXdkdz log X - X'^dzdkdzlog X 

= —X^^dzXok — X^^dkdzdzlog X = —X^^dzXak — X^^dkX. 

We also have 

djai = dj{- X~^didz log X)) = X~'^djXdidzlogX - A~^(9j5i(%log A 
= -A~^c^Aaj - X'^dzQii = -A^^^^Aaj - A^^9^(e.| + Aajoj) 
= -A"^c^Aaj - X~^dze{i - X^^dzXaiOl - AiOl - aidzOl 
= -(A^^(%A + X'^djXal + dzal)ai - X^'^dzC-j - AiOl 
= -X'^dzefi - AiOl. 

For the second formula we have 

Lj{Bi) = vj{Ai)dz '^dz + Ai{-dzaidz) dz + Aidz {dzOidz + dzaid:z) 
= {vliAi) + AidzCH)dz ^dz- f^jdz ® d:z + f^jdz ^ dz. 
So we only need to check that vi{Ai) + AidzOl = —dz{X~^d^e-j). To prove this, we have 
vJiAi) + Aidzo! = aldzAi + djAi + AidzOl = dz^AiOl) + dzdjai 

= dz{A{al) - dz{X-^d^e^j) - dz{AiCll) = -ch{X-^dze^). 
This proved the second formula. For the fourth one, we have 

Lk{Bi) = Vk{Ai)dz ®dz + Ai{-dzakdz) d:z = {vk{Ai) - Aidzak)dz O cfz. 
This finishes the proof. 

□ 

An interesting and useful fact is that the Lie derivative of Bi in the direction of Vk is still 
harmonic. This result is true only for the moduli space of Riemann surfaces. In the general case 
of moduli space of Kahler -Einstein manifolds, we only have d LkBi = 0. 

Lemma 3.4. Lk{Bi) G H^{Xs,TXs) is harmonic. 
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Proof. From Lemma IH?^ we know that Lk{Bi) = {vk{Ai) — Aid^a^jdz ® dz ^ H^'^{Xs,TxJ. 
So it is clear that d{L]^{Bi)) = 0. To prove d* {Lk{Bi)) = we only need to check that 

d,{\{vk{Ai)-Aid,ak)) = Q. 
From the computation in the above lemma, we have 

Vk{Ai) - Aid^ak =\aiak - d^iX'^OkdidzlogX) 

=Xaiak + X~^dzXdkdid^logX- X'^dkdidjdjlog X 

which implies 

dz{X{vk{Ai) - Aid^ak)) =dz{X^aiak + X'^d^Xdkdid^log X - dkdidzdzlog X) 
^2 =dz{X'^aiak) + dz{X''^d^X)dkdid^log X + X^'^d^Xd^idkdid^log X) 

- dkdidzdz&z^ogX 
=dz{X^aiak) + Xdkdidjlog X + X~^d^XdkdiX - dkdid^X. 

Now we analyze the second term in (|3.3|) . We have 
AafcCjCz log A —AOkOi—- — AOk 



--X 



X " A2 
X'^idkXdidzX + XdkdidzX - dkdiXd^X - diXdkdzX) 



X 



A4 

2XdkX{Xd^d^X - diXd^X) 



A4 

(3.4) 



A ^dkXdidzX + dkdidzX — X ^dkdiXdzX — X ^diXd^dzX 



+ 2X-^diXdkXd^X 

= - diX{x-^dkchx - x-^dkXd^x) - dkX{x-^didjX - x-^diXd^x) 

+ dkdidzX - X^^dkdiXdzX 
= - diXdkdzlog X - dkXdidjlog X + dkdidzX - X'^dkdiXdzX 
=XdiXak + XdkXai + dkdiCkX - X'^dkdiXckX. 

By combining ()3.3|) and (|3.4() we have 

dz{X{vk{Ai) - Aidzttk)) =dz{X^aiak) + XdiXuk + XdkXai 

=2XdzXaiak + X^dzCLittk + X^aidzUk + XdiXuk + XdkXai 
=X^ak{X~^dzXai + dztti + X'^diX) 

+ X^ai{X'^dzXak + dzUk + A~^9fcA) 
=0. 

This proves that d*{Lk{Bi)) = 0. 

□ 

The above lemma is very helpful in computing the curvature when we use normal coordinates 
of the Weil-Petersson metric. We have 

Corollary 3.1. Let si,--- ,Sn be normal coordinates at s ^ Aig with respect to the Weil- 
Petersson metric. Then at s we have, for all i, k, 

LkBi = 0. 



Proof. From Lemma 13.41 we know that L^Bi is harmonic. Since Bi,--- is a basis of 
TgAig, we have 

LkBi = / LkBi ■ Wg dv)Bp = hP^dkhigBp = 0. 

JXs 

□ 

The commutator of Vk and vl wih be used later. We give a formula here which is essentially 
due to Schumacher. 

Lemma 3.5. [W, Vfc] = -X'^dze^jdz + X'^d^e^^dz- 
Proof. From a direct computation we have 

[W, Vk\ = vl{ak)dz - Vk{al)dj. 

By using Lemma l,'-i.3l we have 

vi{ak) = aidzttk + djak = -A"^(9je^| 

and 

Vk{al) = akdzOl + dkOl = X'^d^Cj^j. 

These finish the proof. 



□ 



Remark 3.1. In the rest of this paper, we will use the following notation for curvature: 
Let (M, g) be a Kahler manifold. Then the curvature tensor is given by 

~ dzkdzi ^ dzk dzi ■ 

In this situation, the Ricci curvature is given by 

In ^2] and jllj . Siu and Schumacher proved the following curvature formula for the Weil- 
Petersson metric. This formula was also proved by Wolpert in ^1]. Here we give a short proof 
here. 

Theorem 3.1. The curvature of Weil-Petersson metric is given by 

(3-6) R.jk-i = [ i^i]fkT + ^ufk]) dv. 

Proof. We have 

^3 7^ =di LkBi -Wjdv-hf^ LkB, ■B'gdv Bp- LjB] dv 

= / {LjLkBi ■ Wj + LkBi ■ L{B^) dv - hF^ l LkBi dv Bp- LjRj dv. 

J Xs J JCs ^ Xs 

Since • • • , Bn is a basis of TgMg, we have 

hP'^ / LkBi -^dv Bp- Lj'B] dv = LkBi - LjBj dv. 
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By combining this formula with (|3.7() we have 

R{jjfi = / LjLkBi ■ Bj dv = LkLjBi ■ Bj dv + L^^^^^-^Bi ■ Bj dv 

(3.8) =dk / LjBi -Wj dv- / LjBi ■ LkB] dv + L^^^^^^^Bi ■ Wj dv 

J Xs J Xs J Xs 

= - LjBi ■ LkBj dv + L[jj^^^^]Bi ■ Bj dv 

J Xs J Xs 

since I^jBi ■ Bj dv = 0. Now we compute j-^ L\^^^^-\Bi ■ Bj dv. Let 7ri(L[^,;^]Sj) be the 
projection of L^^^^^^^Bi onto H^'^{Xs,Txs) which gives the dz ®d'z part of L^^^^^T^Bi. Since Bi is 
harmonic, we know dz{XAi) = which imphes dzAi = —\~^dzXAi. By Lemma 13. 51 we have 

7ri(L[^_„^]Sj) ={-X'^dzekidzAi + AidziX'^dze^j} + dz{X~^Aidze^j))dz d:z 

(3.9) ={X-^dzXAiche^j - X'^dzXAidzef^j - AiOe^n + dz{X-^Aid,ef^j))dz » dz 
={-AiDe^j + dz{X~^Aidze^j))d, dz. 

This imphes 



Xs 



JXs 

: / {-AiUe^j + dz{X-^A,dze^j))Aj dv 





JXs 




(3.10) 


= - [ fiPe,idv + 


/ dz{X-^Adze^^j)Aj dv 

'Xs 




= - fipHl dv - 

J Xs ^ 


I X-~^Aidze,^jd^{XA^) dv 

'Xs 




JXs 




To compute J-^^ ^J^i 


■ L^Bj dv, by using Lemma 13.31 we 


obtain 



/ LjB, ■ LkB, dv= f {chiX-'(he^)dziX-'dze,j) - 2f,jf^) dv 

J Xs J Xs 

{X-^dzef^-jd,{XUX-'dze.j)) dv-2 I f^jf.j dv 

Xs J Xs 



(3.11) 



: - / {X-^dzXd,e^-^dz{X-^dzef;) + X-^dze^^jdzd^{X-'d^e^j)) dv-2 f f^jf-^ dv 

J Xs ^ Xs 

{X-^dze,jdz{X-^dzXdze,^-j) + X-^dzd^e^jd^iX-^d^efi)) dv-2 f^-^f-^ dv 
: / {X-^a,e,j{Xdze,- - a.ADe,.) - Ue,-{-X~^dzX(he^i - Ue^)) dv - 2 [ f^f^ dv 

J Xs J Xs 

I {X-'(he,jdze,j) + ne,pe^)dv-2 [ f.jf^jdv 

J Xs J Xs 

^ ^ (^^k^l + ^^kP^il) d^-^J^ fkjffi dv 
I (□^fej/.I - 2/,j4) = - / (4j4 + e,j/, 

J Xs "J Xs 
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iV dv. 



By combining (|3.8|) . ()3.1U|) and with the identity ff^-jffi = AiAjA^Ai = f{jfjfi, we have 



%fcl = / ifkjffi + ^k-jfii - fip^kl) dv= Urj^kl + ffi^k-j) dv 
(3.12) ^= 

= / + e.i/fcj) dv. 

J Xs 

Here we have used the fact the (□ + 1) is a self-adjoint operator. This finished the proof. 

□ 

It is well-known that the Ricci curvature of the Weil-Petersson metric is negative which implies 
that the negative Ricci curvature of the Weil-Petersson metric defines a Kahler metric on the 
moduli space J^g. 

Definition 3.3. The Ricci metric tt on the moduli space M„ is the negative Ricci curvature 
of the Weil-Petersson metric. That is 

(3-13) r^j = = h^'R.jals- 

Now we define a new operator which acts on functions on the fibers. 

Definition 3.4. For each 1 < k < n and for any smooth function f on the fibers, we define the 
commutator operator which acts on a function f by 

(3.14) Ckif) = d*{i{Bk)df) = -x-^dMkdj). 

The reason we call the commutator operator is that is the commutator of (□ + 1) and 
Vk and the following lemma. 

Lemma 3.6. As operators acting on functions, we have 

(1) (□ + l)vk -Vk{U + l) = Uvk - VkU =_ik; 

(2) (□ + 1)W - WiiU + l) = Uvl-vf^ = ii; 

(3) Uf) = -AAiX-^dJ) = AkPif) = -AkK.Koif). 
Furthermore, we have 

(3.15) (□ + l)vk{e^j) = a(e,j) + 6(efcj) + L,B, ■ B]. 
Proof. To prove (1), we have 

(□ + l)vk - VkiB + 1) =\Jvk + Vk- ffcD -Vk = Ovk - VkO 

= - \~^dzdz{akdz + dk) - {akdz + dk){-X~^dzdz) 
= - X~^dz{Akdz + Okdzdz + dk&z) 

= - \~^dz{Akdz) - X'^dzakd^dz - X'^akdzd^dz - \~^dkdzdz 
- X^'^dzXakdzdz + X^^akdzd^dz - X~'^dkXdzdz + X'^dkdzdz 
=6 - X~^{dzak + X~^dzXak + X'^dkX)dzdz = Cfc 

where we have used Lemma l3.3l in the last equality of the above formula. By taking conjugation 
we can prove (2) by using (1). To prove (3), we use the harmonicity of Bk. Since d Bk = we 
have dz{XAk) = 0. So 

6(/) = -x-'dz{Akdzf) = -x-'dz{XAkX-'dzf) = -x-'xAkdz{x-'dzf) = -Akdz{x-'dzf). 
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To prove the last part, by using part 1 of this lemma, we have 
(□ + l)vu{eij) =Vk{{n + l)(e,j)) + 6(e,j) = Vk{f.-^) + 6(e,j) 

=LkBi -Wj+Bi- LkB] + Ckieij) = LkBi ■ B] - Aid,{X-^d,e^-j) + ik{eq) 
=LkBi-B'j+Uej,j) + ^k{eij). 
This finishes the proof. 

□ 

Remark 3.2. From Corollary 13. II and the above lemma, when we use the normal coordinates on 
the moduli space, we have the clean formula (□ + l)vk{efj) = Cilery) + ik{(^ij)- 

The main result in this section is to prove the curvature formula of the Ricci metric. The 
terms produced here are very symmetric with respect to indices. For convenience, we introduce 
the symmetrization operator. 

Definition 3.5. Let U be any quantity which depends on indices i,k,a,j,l, f3. The symmetriza- 
tion operator ai is defined by taking the summation of all orders of the triple {i,k,a). That 
is 

cri{U {i, k, a,j,l, (3)) =U{i, k, a, j,l, (3) + U {i, a, k,j,l, (3) + U {k, i, a,j,l, (3) + U{k, a, i,j,l, (3) 
+ U{a,i,k,j~l,f3) + U{a,k,i,jJ, (3). 

Similarly, 02 is the symmetrization operator of j and (3 and a\ is the symmetrization operator 
of j, I and (3. 

Now we are ready to compute the curvature of the Ricci metric. For the first order derivative 
we have 

Theorem 3.2. 

(3.16) dkT^-^ = h^~P |ai ^ (a(e,j)e,^) dv^ + t^-^T^, 

where F^^ is the Christoffell symbol of the Weil-Petersson metric. 

Proof. From Lemma l3. II we know that (□ + = ffj. By using Lemma 13.61 and Theorem 
13.11 we have 



(3.17) 



= / (vk {(iq)fa,-p + eijVk (/„^) + Vk (e.-p) /„j + e.-j^Vk (/„j) ) dv 
= ((□ + ^)Meij)e^p + eijVkif^-^) + (□ + l)vkie0)e^-j + e.-^Vk{f^j)) dv 

J Xs 

= / (vk {fij)e^p + e-jVk (/„^) + Vk {fi^)e^-j + e^-^Vk (/^j) ) dv 

J Xs 

+ i^k{eij)e^-^ + Ck{e.-^)e^-j) dv 

J Xs 

= {{LkB, ■ B'j)e^-^ + {LkBa ■ B^)e.-j + {LkBi ■ B^)e^j + {LkB^ ■ B'j)e.-^) dv 
+ {{Bi ■ Lk'B'j)e^-^ + {B^ ■ Lk'B^)e^j + {Bi ■ Lk'B^)e^-j + (5„ • Lk'B^)e^^) dv 



'Xs 
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Now we simplify the right hand side of H3.17() . Since Bi, - ■ ■ , Bn is a basis of T^Mg, we know 
that the first hne of the right hand side of (|3.17|) is 

{{LkBi ■ B])e^p + (Lfc^a • B^)eij + (Lfc5, • B^)e^-j + (LfeS„ • B])e--^) dv 
= 1 {LkB, ■ (Wjc^-^ + Wpe^-^) + LkBo, ■ (B^e^-^ + S^e-j)) dv 

J Xs 

(3.18) ^f^pg f .B-g)dv f {Bp ■ (B]e^-^ + B^e^j) dv 

J Xs J Xs 

+ hF'^ f {LkB^ ■^,)dv I {Bp ■ (Kje^-p + 'W^e^-^) dv 

J Xs J Xs 

We deal with the second line of the right hand side of (|3.17jl by using Lemma 13.31 and Lemma 
13.61 to get 

(3.19) B, ■ LkB^ = -A,d,{\-^d,ei^j) = ^i{e^j). 
This implies 



(3.20) 



{{Bi ■ LkBj)e^-^ + {Ba ■ LkBp)e^-^ + {Bi ■ LkBp)e^j + {B^ ■ LkBj)e.-p) dv 
■ / + ^«(efe^)ei7 + e*(efc^)e„j + ea(efcj)e^^) dv. 

'J Xs 



We also have 

(3.21) dkT,j = h-~^dkR,.-p + dkh-'^R-^-^ = h-'^duR,-^-^ - Rr,p-fl^). 

By combining (|3.17j) , (|3.18j) , (|3.2()|) and (|3.21|) , together with the fact that is a real symmetric 
operator and the definition of r.j, we have proved this theorem. 

□ 

To compute the second order derivative, we need to compute the commutator of and vl. 
We have 

Lemma 3.7. For any smooth function f £ C°°{Xs), 

(3.22) Wi{U) - Uvlf) = P{eki)P{f) - Vkf^f + X-'dJ,jckf. 

Proof. We will fix local holomorphic coordinates and compute locally. First we know that 
the commutator of vj and dz is 

(3.23) Widz - dJn = -dzojd^ = -Aid^- 
Similarly, the commutator of vi and X^^dz is 

(3.24) v-i{X-^dz) - X-^dzWi = vl{X'^)dz + X-\vldz - dzvl) = X^^dzoldz - x-^Tidz. 
The above two formulae imply 

vlP-Pvl = - vi{dz{x-^dz)) + dz{X-^dz)vl 

={Aidz - dzv!){X-'dz) + dz{vl{X-^d,) - X^^dzoldz + X'^Tidz) 

(3.25) =Aidz{X-'dz) - dz{X-^dzaldz) + dz{X~^Aich) 

= - X~^dzXTidz + X-^^idz&^ + X-^dzXdzaldz - X~^d^Tidz - X-^d^aldzdz 

- x-^dzXTidz + x~'d,Aid^ + X'^Tidzdz. 
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By using the harmonicity, we have dz{XAi) = which impHes dzAi = — A ^dzXAi. By pkigging 
this into formula (|3.25|1 we have 

^^■^'^^ = - 2AiU + dmP - \-^dz\Aidz + X'^dzAidz. 

Now, since = A^P, we have 

, , mkf)-Uvif)=vl[Ak)PU)+Ak{vlP{f)-Pvl{f)) 

=ivl{Ak) + Ak&m)P{f) - 2f^-pf - X~^dz\AkAick + X-'AkdzAidz. 

From the proof of lemma we know vi{Ak) + Ai^dzOf = P{e^j). By using the harmonicity we 
have —\~^dz\Ak = dzAk- So from p.27p we have 

mkf) - Uvlf) =P{e^j)P{f) - 2f^-pf + \-^dzAkAidzf + X-'AkdzTidzf 
=P{eki)P{f) - Vk-Pf + ^~'dzf,id,f. 

This finishes the proof. 

□ 

From the above lemma, it is convenient to define the commutator of and vi as an operator. 

Definition 3.6. For each k, I, we define the operator Qj^j which acts on a function to produce 
another function by 

(3.29) Q,jif) = P{e^)Pif) - 2f^nf + X"'dzf,jd,f. 

Now we are ready to compute the curvature tensor of the Ricci metric. The formula consists 
of four types of terms. 

Theorem 3.3. Let si, ■ ■ ■ , Sji be local holomorphic coordinates at s G Mg- Then at s, we have 



^ijkl —"' 



aia^j^ {(□ + l)-'(efc(e,j))ez(e„^) + (n + l)-i(efe(e,j))e/3(e„j)} dv 

(3.30) +^"^{-^^.(^.)^..^^} 

- r^-^h^'^h^"' |ai ^ Ue^^e^-p dv^ ^ Ue,-^)e^^) dv^ 

Proof. By Lemma 13.41 we know that L^Bi is harmonic. Since Bi,--- ,Bn is a basis of 
harmonic Beltrami differentials, from the proof of Theorem 13.11 we have 



(3.31) 
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We first compute dj '^fc(ejj)e^^ dv. By Lemma and Lemma we have 



^ / Ckieij)e^-^ dv= (v/(6(eij))e„^ + Ckie{j)vi{e^-^)) dv 

(□ + l)-i(6(e^^))(n + l)(uKe,j))d^ 
+ [ {a + ir\Ueg)){a + l)ivi{e^-p))dv+ f Qk-i{ei^)e^-pdv 
{n + l)-\Ue^-j^mi{ei^) + vi{U-)) dv 
f (□ + l)-HCkie,-jMlie^-^)+viiforp)) dv 
Qkii^ijKp dv 



(3.32) 



: / ((□ + l)-^(6(e„^))e;(e,j) + (□ + l)~HCfc(e,j))ei(e,^)) dv 

J Xs 

+ / (□ + l)-'(a(e,^))(?,(e,i) + A, . LjA-) dv 

J Xs 

+ / (□ + irHCkie^jMpie^) + . LjA^) dv 

J Xs 

+ QkMjK-^ dv. 



Now by using H3.31() we have 



(3.33) 



/ ((□ + l)-^(6(e,^))(A, • LjA,) + (□ + i)-\^,(e^-))(A^ . LjA^)) dv 

J Xs 

-- [ ((□ + ir\(,{e^-^)){ff,A, ■Tt) + {a + l)-\^k{e,j)){P~,A^ ■ A)) dv 

J Xs 

=f*;^ ^k{e^-j^){a + irHAi-Tt) dv + P~i 1^ Ck{eij){n + l)-\Aa-Tt) dv 
--^i ^k{e^-p)ei-tdv + T^^^^ ^k{e,-j)e^i dv. 

J Xs J Xs 
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By combining (|3.32|) and H3.33() we have 



(3.34) 



+ / (□ + l)-^(6(e„^))(e,(e,y) + e,(e,j)) dv 

J Xs 

+ [ ^kie^p)eft dv + P~J ^k{eij)e^-i dv 

J Xs J Xs 

+ / QkMj)e^-^ dv. 



We also have 

(3.35) _ _ 

=w~\djdkhi-q - h'^f'djK-qdkh.-p) = hpm,-^j. 

From Theorem 13.21 formula 1)3.34(1 and (|3.35() we derive 

d^d,r,j ={djh'=^~P) |ai ^ 6(e,j)e,^ dv] + h^'^ {^A ^k{e,j)e^-^ dv] 

+ {5^1 Ue,j)e^s dv] + r,,r^,f|; + r^-hP"^ R,-^,j 
= -^"'r2{^i^ ^kie,j)e^-^ dv] 
^^■^^^ +/^"^{^i^2^ {D + irH^e^jMiie^-i^) +U^^)) dv] 

+ h'-'^ {^1 ^ QkMj)e^-p dv] + h^'Pff^ |ai ^ 6(e.j)e„^ dv] 
+ ^"^r^ {^^1 ^ 6(e,7)e„j dv] + /i^^ ^ Uepj)e^s dv] 

Now from the above formula, by using Theorem 13 . 21 we can easily check the formula p.3U() . 

□ 

The curvature formula of the Ricci metric would be simpler if we have used the normal 
coordinates. However, when we estimate the asymptotic behavior of the curvature, it is hard 
to describe the normal coordinates near the boundary points. Thus we will use this general 
formula directly in our computations. The estimates are quite subtle. 



4. The asymptotics of the Ricci metric and its curvatures 

From formula (|3.6() we can easily see the sign of the curvature of the Weil-Petersson metric 
directly. However, the sign of the curvature of the Ricci metric cannot be derived from formula 
p.3U() . In this section, we estimate the asymptotics of the Ricci metric and its curvatures. 
We first describe the local pinching coordinates near the boundary of the moduli space due to 
the plumbing construction of Wolpert. Then we use Masur's construction of the holomorphic 
quadratic differentials to estimate the harmonic Beltrami differentials. Finally, we construct e-j 
which is an approximation of e^j. By doing this we avoid the estimates of the Green function of 
□ + 1 on the Riemann surfaces. 
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Let Mg be the moduli space of Riemann surfaces of genus g > 2 and let Mg be its Deligne- 
Mumford compactification Each point y £ Mg \ Aig corresponds to a stable nodal surface 
Xy. A point p £ Xy is a node if there is a neighborhood of p which is isometric to the germ 
{iu,v) \uv = 0, \u\,\v\ < 1} C C^. 

We first recall the rs-coordinate on a Riemann surface defined by Wolpert in i.16,. There are 
two cases: the puncture case and the short geodesic case. For the puncture case, we have a 
nodal surface X and a node p £ X. Let a, b be two punctures which are glued together to form 
P- 

Definition 4.1. A local coordinate chart {U,u) near a is called rs-coordinate if u{a) = where 
u maps U to the punctured disc < |n| < c with c > 0, and the restriction to U of the Kdhler- 
Einstein metric on X can be written as 2|Mp(iog \u\)^ \du\''. The rs-coordinate {V,v) near b is 
defined in a similar way. 

For the short geodesic case, we have a closed surface X, a closed geodesic 7 C X with length 
I < c^ where c^, is the collar constant. 

Definition 4.2. A local coordinate chart (U, z) is called rs-coordinate at j if j C U where z 
maps U to the annulus c~^|t| 2 < \z\ < c|t| 2 ^ and the Kdhler- Einstein metric on X can be written 

Remark 4.1. We put the factor ^ in the above two definitions to normalize metrics such that 
(EU hold. 

By Keen's collar theorem jl], we have the following lemma: 

Lemma 4.1. Let X be a closed surface and let j be a closed geodesic on X such that the length 
I of 7 satisfies I < c^. Then there is a collar Q. on X with holomorphic coordinate z defined on 
such that 

(1) z maps 17 to the annulus -e ~ < \z\ < c for c > 0; 

(2) the Kdhler- Einstein metric on X restricted to 0, is given by 

(4.1) {^u'^r-^ esc' T)\dzf 

where u = r = \z\ and r = nlogr; 

^2 

(3) the geodesic 7 is given by the equation \z\ = e~~ . 
We call such a collar 0, a genuine collar. 

We notice that the constant c in the above lemma has a lower bound such that the area of 
O is bounded from below. Also, the coordinate z in the above lemma is rs-coordinate. In the 
following, we will keep using the above notations u, r and r. 

Now we describe the local manifold cover of Mg near the boundary. We take the construction 
of Wolpert 16 . Let Xq^q be a nodal surface corresponding to a codimension m boundary point. 
Xqa have m nodes pi, • • • .,Pm- Xq = Xq^ \ {pi, • • • ,Pm} is a union of punctured Riemann 
surfaces. Fix the rs-coordinate charts (C/j, r]i) and (V^, C,i) at pi for i = 1, • • • , m such that all the 
Ui and Vi are mutually disjoint. Now pick an open set Uq C Xq such that the intersection of each 
connected component of Xq and Uq is a nonempty relatively compact set and the intersection 
UQr\{Ui\JVi) is empty for all i. Now pick Beltrami differentials fm+i-, " " " , J^n which are supported 
in Uq and span the tangent space at Xq of the deformation space of Xq. For s = (sm+i, • • • , Sn), 
let v{s) = Yli=m+i ^i^i- assume |s| = (XlkjP)^ small enough such that |i^(s)| < 1. The 
nodal surface Xq^s is obtained by solving the Beltrami equation dw = i'{s)dw. Since v{s) is 
supported in Uq, {Ui,rji) and (V^, Cj) are still holomorphic coordinates on Xq^^. Note that they are 
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no longer rs-coordinates. By the theory of Alhfors and Bers (IJ and Wolpert p^HI we can assume 
that there are constants 6,c > such that when |s| < 6, rji and Q are holomorphic coordinates on 
Xq^s with < |77j| < c and < \Q\ < c. Now we assume t = (ti, - ■ ■ , tm) has smah norm. We do 

the plumbing construction on Xq^s to obtain Xt^s- We remove from Xq^s the discs < \rii\ < 
and < ICil < for each i = I,-- - ,m, and identify ^ < \rji\ < c with ^ < < c by 
the rule rjid = tj. This defines the surface Xf^s- The tuple {ti, - ■ ■ , tm, Sm+i, • • • , Sn) are the 
local pinching coordinates for the manifold cover of Aig. We call the coordinates rji (or the 
plumbing coordinates on Xt^s and the collar defined by ^ < |r/i| < c the plumbing collar. 

Remark 4.2. From the estimate of Wolpert [15) . |16j on the length of short geodesic, we have 



We also need the following version of the Schauder estimate proved by Wolpert 

Theorem 4.1. Let X be a closed Riemann surface equipped with the unique Kdhler- Einstein 
metric. Let f and g he smooth functions on X such that (□ + \)g = f . Then for any integer 
k>0, there is a constant c^ such that ||5'||fe+i < Cfc||/||fc where the norm is defined by ()3.2() . 

Now we estimate the asymptotics of the Ricci metric in the pinching coordinates. We will use 
the following notations. Let (t, s) = {ti, ■ ■ ■ , tm, Sm+i, • • • , Sn) be the pinching coordinates near 
Xo,o. For \{t,s)\ < 5, let ni be the j-th genuine collar on Xt^s which contains a short geodesic 
-fj with length Ij. Let = mq = Z^JLi + Sj=m+i I'^il' ''i ~ kil ^^'^ T?' ~ log^j where 
Zj is the properly normalized rs-coordinate on f^c such that 

= {zj I c~^e < \zj\ < c}. 

From the above argument, we know that the Kahler-Einstein metric A on Xt^s restrict to the 
collar fie is given by 

(4.2) \=^ujrJ^csc'^Tj. 

For convenience, we let ilc = U^i^c and Rc = Xt^s \ ^c- In the following, we may change the 
constant c finitely many times, clearly this will not affect the estimates. 

To estimate the curvature of the Ricci metric, the first step is to find all the harmonic Beltrami 
differentials Bi,--- ,Bn which correspond to the tangent vectors igf~- In 'S], Masur 

constructed 3g — 3 regular holomorphic quadratic differentials ipi, - ■ ■ , on the plumbing collars 
by using the plumbing coordinate T]j . These quadratic differentials correspond to the cotangent 
vectors dti , • • • , dsn ■ 

However, it is more convenient to estimate the curvature if we use the rs-coordinate on Xt^s 
since we have the accurate form of the Kahler-Einstein metric A in this coordinate. In |13j . 
Trapani used the graft metric constructed by Wolpert JH] to estimate the difference between 
the plumbing coordinate and rs-coordinate and gave the holomorphic quadratic differentials 
constructed by Masur in the rs-coordinate. We collect Trapani's results (Lemma 6.2-6.5, |13) ) 
in the following theorem: 

Theorem 4.2. Let {t,s) be the pinching coordinates on Mg near Xo,o which corresponds to a 
codimension m boundary point of Mg. Then there exist constants M,6 > and 1 > c > 
such that if \{t,s)\ < 6, then the j-th plumbing collar on Xt^s contains the genuine collar Qc- 
Furthermore, one can choose rs-coordinate Zj on the collar properly such that the holomorphic 
quadratic differentials tpi,--- Ttpn corresponding to the cotangent vectors dti,--- ,dsn have the 
form ipi = ipi{zj)dZj on the genuine collar fli for 1 < j < m, where 
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(1) ^,(z^) = j,{ql{z^)+pl)tfi>m+l; 

j 

ij\ 1 



(2) ^^(z,) = {-'-^)j,{qj{z,) + p,) tfi = j; 

(3) ipiizj) = {-k)^{qi{zj) ifl<i<m and i ^ j. 

3 

Here and Pj are functions of{t,s), qf and qj are functions of{t,s,Zj) given by 

fc<0 fc>0 

and 

fc<0 fc>0 

such that 

(1) Efc<o Hk\^' < M and Zk>o < M tf i ^ j; 

(2) Ek<o < M and Efc>o \ajk\c'' < M; 

(3) 1/3^1 =0(|t,|5-) withe<^ ifi^j; 

(4) 1/3,1 = (1 + O(no)). 

An immediate consequence of the above theorem is the following refined version of Masur's 
estimates of the Weil-Petersson metric. In the following, we will fix (t, s) with small norm and 
let X = Xt^s- 

Corollary 4.1. Let {t,s) be the pinching coordinates. Then 

(1) /i" = 2ui^\ti\'^{l + O{uo)) and % = + OK)) for I < i < m; 

— 3 3 

(2) = Oi\titj\) and /i.j = 0(jg), if 1 < i, j < m and i ^ j; 

(3) = 0(1) and h,^ = 0(1), ifm + l<i,j< n; 

(4) /i'^ = 0(|tj|) and /i^j = 0(||||) if i < m < j or j <m<i. 
Proof. We need the following simple calculus results: 

(4.3) / _22r2 — sin^ Tj drj = u'^{- + 0{uj)). 
For any A; > 1, 

(4.4) r _2.2 rJ-^sinVj- dr,- = 0(u|)c^ 
and for A; < —1, 

(4.5) rj-i sin^ Tj drj = 0{u])c''' • 

On the collar Qi, the metric A is given by (|4.2() . /i*-' is given by the formula 

= [ ^Pi'^jX-^dv. 
Jx 

By using the above calculus facts, we can compute the above integral on the collars. The bound 
on Rc was calculated in jH] . A simple computation shows that the first part of all of the above 
claims hold. The second parts of these claims can be obtained by inverting the matrix (/i'-') 
together with Masur's result on the nondegenerate extension of the submatrix (/i*-')jj>m.This 
finishes the proof. 

□ 

Now we are ready to compute the harmonic Beltrami differentials Bi = Aidz dz- 
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Lemma 4.2. For c small, on the genuine collar Qi, the coefficient functions Ai of the harmonic 
Beltrami differentials have the form: 

(1) ^, = |sin2T,(^(^ + ^) 

(2) A, = '^sm''Tj{pj{z,)+F,) 
where 

(1) plizj) = Efe<-i alkPf^z^ + Efc>i flifc^ ^-^^ ^ -^'^ 

(2) pj(zj) = Efc<-i ajkpf^z'y + a^-fcz}. 

_2zri 

/n i/ie above expressions, pj = e and the coefficients satisfy the following conditions: 

(1) Ek<-1 = 0(^.72) and Efe>i K\c^ = 0{uf) ifi>m + l; 

(2) Y.k<-Mk\<^-' = 0{upO{^^ ^ndY.u>Mk\<^' = 0{uf)0{^^ ^f^<mandi^j; 

(3) Ek<-i Wjklc-'' = 0(|f^) and J2k>i Wjk\c'' = 0{^\); 

(4) \y>.\=0{uj) ifi>m + l; 

(5) = 0(n,)0(j|) i/i < m and i ^ j; 

(6) b, = -^{l + o\uo)). 

Proof. The duality between the harmonic Beltrami differentials and the holomorphic qua- 
dratic differentials is given by 

n 

(4.6) Bi = X-'Y,Kph 

1=1 

which implies Ai = X^^ Yl?=i ^ifPi- Now by Wolpert's estimate on the length of the short 
geodesic jj in ^B] we have Ij = — (1 + 0{uj)). This implies there is a constant < fi < I 

such that fi\tj\ < pj < p~^\tj\. The lemma follows from equation ()4.6() by replacing c by fic, a 
simple computation together with Theorem 14.21 and Corollarv 14.11 

□ 

To estimate the curvature of the Ricci metric, we need to estimate the asymptotics of the 
Ricci metric by using Theorem 13.11 So we need the following estimates on the norms of the 
harmonic Beltrami differentials. 

Lemma 4.3. Let \\ ■ \\k be the norm as defined in Definition al.^ We have 

(1) P^||o,Q», = 0(^) and\\A,\\o,x\ni=0{^),ifi<m; 

(2) \\Ai\\o = 0{l), ifj>m + l; 

(3) \\fdo,n^^ = O(^) ^nd mo,x\ni = 0{^), if i < m; 

(4) ||/ij||o = 0(l), ifi,j>m + l; 

(5) ll/.jllo.o, = 0(S|) -^ll/.jllo,n^=0(|gi) -<^ll/.7llo,x\(n,uc^.)=0(S) 
if hj ^ ITT' CLnd i 7^ j; 

3 

(6) \\fij\\o,ni = and ||/;j||o,x\n« = 0{^^, if i < m and j > m + 1; 
{7) \f-\L^=Oil), lfi,j>m + l; 

(8) l/ijiLi = 0( 1^), ifi<mandj>m + I; 

(9) l/ijlii =0(^), ifij <m andi^j. 

Proof. We choose c small enough such that for each 1 < j < m, 

tan(tijlogc) < —lOuj 
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when s)\ < 6. A simple computation shows that, when 1 < p < 10, on the collar fie we have 

|rj^sin*'r, | < c''\ logcl^ii^ 

if A; > 1, and 

{rj sinP Tj I <c^^\ log c|^p^u^ 



if A; < -1. 

To prove the first claim, note that on 17* we have 

Zi 



H I 



sin^ Ti{pi + bi)\ < ^ \aik\Pi ^rf sin^ + Wiklrf sin^ n + \b 

k<-l k>l 

<{logcfuf{ \aik\c-'' + Y\aik\c'') + \bj\ 



k<-l k>l 



-0{u^)0{^)+0{u^)0{^)+Oi^) = O(^). 



„3 



Similarly, on Q,i with j ^ i, we have \Ai\ = 0(|^). Also, on we have \Ai\ = by the 

work of Masur [S] , equation ()4.6() together with Theorem 14.21 and Corollary 14.11 This finishes 
the proof of the first claim. 

The second claim can be proved in a similar way. Claim (3)-(6) follow from the first and 
second claims by using the fact that /^j = AiAj. Claim (7) follows from claim (4) and the fact 
that the area of X is a fixed positive constant using the Gauss-Bonnet theorem. 

Now we prove claim (9). On fi*, by using a similar estimate as above, we have 

\ffj\=\ sin*^ Tiipl + +b'j)\ <\ sin^ Tjp-p*| + | sin"^ nbip^l + | sin^ Tiplbjl + | sin^ Tibib]\ 

\titj\ I'^i'^jl I'^i'^jl 

So 

\fdLUn^)< I (o($i)+0($^)sm^n)dv = 0(^). 

Similarly, < The estimate \fij\Li(^x\(niuni)) = O(^) ^ol^o^^ f'^o™ ^l^im 

(5). This proves claim (9). Similarly we can prove claim (8). 

□ 

In the following, we will denote the operator (□ + 1)^^ by T. We then have the following 
estimates about norms: 

Lemma 4.4. Let f G C°°{X,C). Then we have 

(4.7) / \Tf\''dv< [ Tf-Jdv< [ \f\^dv. 

Jx Jx Jx 

Proof. This lemma is a simple application of the spectral decomposition of the operator 

(□ + 1) and the fact that all eigenvalues of this operator are greater than or equal to 1. One 

can also prove it directly by using integration by part. 

□ 

To estimate the Ricci metric, we also need to estimate the functions e,T. We localize these 

''J 

functions on the collars by constructing the following approximation functions. 

Pick a positive constant ci < c and define the cut-off function rj E C°°(M, [0, 1]) by 

{r/(x) = 1, X < log ci; 

rj{x)=0, x>logc; 
< r]{x) < 1, logci < X < logc. 
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It is clear that the derivatives of rj are bounded by constants which only depend on c and ci. 
Let ^{z) be the function on X defined in the following way where z is taken to be Zi on the 
collar 0!.: 



(1) if i < m and j > m + 1, then 



sin^ Tjbjbl 



z 



Cl' 



sin^ Tibib))rj(log 



z S 0* and ci < < c; 



^sin^ Tibib'j)r](}og Pi - logr^), z £ and c Vi < < q Vi; 



10, 



(2) if i,j < m and z 7^ j, then 



'^sin^Ti^jfeJ-, 








(isin2ri6i6*)r/(log 






z S and Cl < Tj < c; 


(isin^Tiftiftpr/Oog 


Pi - 


- log Ti), 


z S ri* and Pi < < c^^^pi; 


< isin^Tj^^j, 








(isin2ri6:^6j)r/(log 


rj) 


1 


z £ 0,i and ci < rj < c; 


siii^ Tiblbj)r]{log 


Pj 


- logrj ), 


z £ Qi and c^-'^pj < r^- < c^^^Pj 


.0, 






z ex\{niuni); 


then 








lsin2r,|6,p, 






zGni; 


(|sin2Ti|6i|2)??(lo| 


in 




z £ and ci < < c; 


(isin2Ti|6i|2)j7(lo| 


I Pi 


- logri), 


z G ri* and c""'^/>i < r, < c^^Pi; 


.0, 









Also, let /^-j = (□ + l)e^:j. It is clear that the supports of these approximation functions are 



contained in the corresponding collars. We have the following estimates: 
Lemma 4.5. Let Cfj be the functions constructed above. Then 



(1) e,j = Sr. + o(^), ^f^<m; 

(2) e^j = e.j + O(^), ifij < m and i ^ j; 

(3) e-j = e^ + ifi<m and j >m + 1; 



(4) 



lejjllo = 0(1); ifhj >m + l. 



Proof. The last claim follows from the maximum principle and Lemma 14.31 To prove the 
first claim, we note that the maximum principle implies 



< 



f.- 



Now we compute the right hand side of the above inequality. Since |x\r2j,= 0, by Lemma ESI 



we know that ||/- - /- 



ii\\o,x\ni 



O(j^). On we have 



Ifii - fii\ < I sin npibil + I sin nbiPil + | sin TiPiPi 
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Oil 



which imphes \\f-j — /jj||o,Q! = 0[-^). On \ il*^ with ci < n < c, we have 

\ffi - fii\ <(1 - sin^ Tj + I sin^ np^bil + \ sin^ nbiPil + | sin^ np^Pil 
H sm Ti H ^ sm Tj | sm 2Ti \ 

I ^^1 

— 4 

Similarly, on 17* \ with c^-'^pi < ri < c^^pi, we have — < 0(|^). By combining the 

above estimate, we have — f-j\\o = 0(|^) which implies the first claim. The second and 
the third claims can be proved in a similar way. 

□ 

As a corollary we prove the following estimates which are more refined than those of Trapani's 
on the Ricci metric jlSj. The precise constants of the leading terms will be used later to compute 
the curvature of the Ricci metric. 

Corollary 4.2. Let (t, s) be the pinching coordinates. Then we have 

(1) r^^=^^{l + 0{uo)) andT^^=^\-^{l + 0{uo)), tfi<m; 

( u^u^ \ 

(2) Tq = 0\ + Uj) \ and r*^ = 0(|tjtj|), i/i, j < m and i j; 

2 .— 

(3) r-j = 0(|^) and r*-? = 0{\ti\), if i < m and j >m + 1; 

(4) T^j = 0{li ifi,j>m + l. 

Remark 4.3. The second part of the above corollary can be made sharper. However, it will not 
be useful for our later estimates. 

Proof. The second part of the corollary is obtained by inverting the matrix (t-j) in the first 
part together with the fact that the matrix (/ijj)i,j>m+i is nondegenerate which was proved by 
Masur and the fact that the matrix (7"jj)jj>m+i is bounded from below by a constant multiple 
of the matrix (/ijj)j,j>m+i which was proved by Wolpert. 

Now we prove the first part. In the following, we use Co to denote all universal constants 
which may change. Recall that 

(4-9) = 

To prove the last claim, let i, j > m + 1. We first notice that iia^f3oia = P>m + l, then 
|/i"^|||Aa||o||^/3||o = 0(1) by Lemma and Corollarv 14.11 In this case, we have 



+ 



< Co(||e-||o||/„^||o + Wei^WoWfajWo) 



<Co(||/,j||o||/„^||o + ll/,/3lloll/ajllo) = 0{l)\\AMMo 
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which imphes = 0(1). If a = /? < m we have 



X 



+ 



X 



1 

2 



X 



which imphes = 0(1). So we have proved that last claim. 

To prove the third claim, let i < m and j > m + 1. a ^ P or a = P > m + 1 in formula 
(|4.9|1 . by using integration by part we have 



X 



+ 



X 



fip^aj dv 



< Co(||e„^llol/ijlLi + \Kl\\o\ fislL^) 

3 



<f^o(||/„^||o|/.jlLi + II/„7IIo|%IlO = 0{j^^)\\AMAp\\o + 0(l)||yl„||o|/,^|Li 



3 3 

By the above argument we have |/i"'^0(|^) ||^q,||o||^/3||o| = 0[^) and by Lemma we have 

— 3 

|/i"^||AQ,||o|/j^|ii I = O(jj^). So the claim is true in this case. 



If a = P < m and q 7^ z, we have 



j fijeaa dv + j 



fme^j dv 



To estimate the second term in the above formula, we have 



fiae^j dv 



X 



To estimate the first term, we have 



X 



fijeaa dv 



< 



< 



fiiGaa dv 



X 



+ 



fiji^aa ^aa^ dv 



X 



L-ieaa dv 



~l~ ||Ca« ^oa llo I /jj I L-*- 



4 3 



<ll/.jllo«fek.+0(^)0(^)=0{^) 



3 

which implies \h°"^R--j^-\ = 0{^^ 



Finally, if a = /? = i, we have 



jjije^ dv < 2\\eMf^l\L^ < 2||/.iIIo|/.jIl^ = = O(^) 



_ 2 

which implies = 0[j^). This proves the third claim. 
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The second claim can be proved in a similar way. Now we prove the first claim. If a 7^ /3 or 
a = P > m + 1 in formula (|4.9j) , we have 



X 



+ 



X 



^ l|e„^llol/iilLi + 



X 



dv I l/.^l dv 



X 



<IIMol/dL^ + ( l^lU'dv J^\fr/dv] <{\\fJ\o + \\AMmo)mL^ 

3 



which implies = O(^). 

li a = P < m and a 7^ z, we have 



\R- -1 < 


/ Gfjaa dv 


+ 


/ ei^f^j dv 




Jx 




Jx 



To estimate the second term in the above inequality, we have 



eiaL-j dv 



x 



< WeMjL^ < \\U\o\Ul^=0{^)0{^)=0{^). 



4 4 



To estimate the first term in the above inequality, we have 



ejlfaa dv 



x 



< 



< 



X 



efifaa dv 
eiifaa dv 



+ 



- eii)faa dv 



X 



These imply \h°"^R-, 



+ \hi - ejillol/aalLl 
<\\faa\\o,ni\eii\L^ + llCji -e.-||o|/«a|Ll 



Finally, we compute h''R-j-j. Clearly iZ-j = 2 e^j/^j dv and 

c?^^ = / %4 dv+ edfii - Jii) dv+ (e-. - %)4 d^;. 



We also have 
and 

Also, we have ||e 

X 



X 



X 



X 



X 



^dh - fii) dv 



u ■ 

< \\fii-f^i\\o\e^l\L^=0{-^) 



fd^ii - ^d dv 



X 



< ¥ii-edo\fii\L^ ='^(^14) 



o 



and \\fdo,ni\ni^ =0{^)- So 



Svr 



jjjj if^jl^^-'^ ^(^o))- By combining the above results 



By using Corollarv 14. II we have h^R-j-j 
we have proved this corollary. 

□ 

It is well known that there is a complete asymptotic Poincare metric iVp on Mg- We briefly 
describe it here. Please see [7j for more details. 

Let M be a compact Kahler manifold of dimension m. Let y C M be a divisor of normal 
crossings and let M = M \ y. Cover M by coordinate charts Ui, - ■ ■ , Up, ■ ■ ■ ,Uq such that 
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(?7p+i U • • • U Ug) n y = We also assume that, for each 1 < a < p, there is a constant 
such that Ua\Y = (A*)"" x A™~"" and on Ua, Y is given by zf • • • z"^ = 0. Here A is the disk 
of radius | and A* is the punctured disk of radius ^. Let {rji}i<i<q be the partition of unity 
subordinate to the cover {Ui}i<i<q. Let w be a Kahler metric on M and let C be a positive 
constant. Then for C large, the Kahler form 

cjp = + ^ V^ddfrji log log . ^ . j 

i='\_ 1 

defines a complete metric on M with finite volume since on each Ui with 1 < i < p, cOp is 
bounded from above and below by the local Poincare metric on Ui. We call this metric the 
asymptotic Poincare metric. 

As a direct application of the above corollary, we have 

Theorem 4.3. The Ricci metric is equivalent to the asymptotic Poincare metric. More precisely, 
there is a positive constant C such that 

C^^LOp < UJt ^ CuOp. 

Now we estimate the holomorphic sectional curvature of the Ricci metric. We will show that 
the holomorphic sectional curvature is negative in the degeneration directions and is bounded in 
other directions. We will need the following estimates on the norms to estimate the error terms. 

Lemma 4.6. Let f,gG C°°(X, C) be smooth functions such that (□ + 1)/ = g. Then there is 
a constant Cq such that 

(1) \Kof\L^<Co\Kog\L2; 

(2) \KiKof\L2<Co\Kog\L2; 

Proof. Let h = |i^o/P- By using Schwarz inequality, we easily see that the lemma follows 
from the Bochner formula: 

ah + h + \K,Kof\^ = KofK^+KjKog -\f- g\^. 

□ 

We also need the estimates on the sections Kofg. We have: 
Lemma 4.7. Let Kq and Ki be the Maass operators defined in Section\^ Then 

2 6 

(1) ll^o/iillo,n^ = O(^) and \\Kofi-\\o^x\ni = 0{^), if i < m; 

(2) IlKo/.jllo = 0(1), ifi,j>m + l; 

3 3 3 3 

(3) \\KofijL,ni = O(Jg^) and ||i^o/,j|lo,o^^ = 0{^^ and \\Ko f i^\x\{nivjui) = ^(Kt)' 
if i,j < ?7i and i ^ j; 

3 

(4) \\KQf.q%^ni = 0(|||) and ||-ftro/ij||o,x\Qj, = if i < m and j >m + l; 

(5) Ua-mi = 0{^), ^fi<m. 

This lemma can be proved by using similar methods as we used in the proof of Lemma 14.31 
together with direct computations. So are the following L^ and L^ estimates: 

Lemma 4.8. Let P = KiKq be the operator defined Section\^ We have 

(1) \fil\l^ = 0{^),ifi<m; 

(2) \Kofu\h=0{^), zfi<m; 

3 3 

(3) |i^o/ijli2 = C)(|J^), ifi,j <m andi^ j; 

3 

(4) |Ko/ijli2 = O(^), ifi<mandj>m + 1; 
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(5) \Kofg\l,=0{l), ifi,j>m + l; 

(6) \P{e^^\^,=0{^),ifi<m. 

To estimate the curvature of the Ricci metric by using formula (|3.3U|) . we first expand the 
term j"^ Qkii^i'j)^a]3 ^ simple computation shows that 

Lemma 4.9. We have 

~ jj^^ij^oe^-pKoeki + Ue^-^Koe^-jKoe^j) dv. 

To estimate the holomorphic sectional curvature, in formula (13.301) we let i = j = A; = I. We 
decompose Rf^^j into two parts: 

= Gi + G2 

where Gi consists of those terms in the right hand side of ()3.3U() with all indices a, /?, 7, 6, p 
and q equal to i and G2 = R{iii — Gi consists of those terms in (j3.3U|) where, in each term, at 
least one of the indices a, /3, 7, 6, p or q is not i. If i < m, the leading term is Gi which is given 

by 

Gi =24f^ / (□ + l)-\Ueu)Mei^ dv 
Jx 

(4.10) 



+ / Qdeu)eu dv 

IX 



- 36t"(/i") 



2 

ii / t,ii\2 



X 



U^idefi dv 



The main theorem of this section is the following estimate of the holomorphic sectional cur- 
vature of the Ricci metric. 



Theorem 4.4. Let Xq G M-g\A4g be a codimension m point and let (ti, • • • , ^m+i; ■ ■ ■ i Sn ) he 
the pinching coordinates at Xq where ti, - ■ • ,tm correspond to the degeneration directions. Then 
the holomorphic sectional curvature is negative in the degeneration directions and is bounded in 
the non- degeneration directions. More precisely, there is a 5 > such that, if\{t,s)\ < 6, then 

3?/^ 

(4.11) ^.J.J = ^^(1 + OM)>0 
if i < m and 

(4.12) R^u = 0(1) 
if i > m + 1. 

Furthermore, on Mg, the holomorphic sectional curvature, the bisectional curvature and the 
Ricci curvature of the Ricci metric are bounded from above and below. 

Proof. We first compute the asymptotics of the holomorphic sectional curvature. By Lemma 
14.91 we know that 



/ %(e.l)e,id^= / \Koeg'(2e^-4f^ dv. 
Jx Jx 
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By (|1?TU)) we have 
(4.13) 



X 



X 



X 



We first consider the degeneration directions. Assume i < m. In this case Gi is the leading 
term. We have the following lemma. 

5 

Lemma 4.10. Ifi<m, then IG2I = 0{-^). 

Proof. The lemma follows from a case by case check. We will prove it in the appendix. 

□ 

Now we go back to the proof of Theorem 14.41 We compute each term of Gi. By the proof of 
Corollarv 14.21 we know that h^^Rdii 



^^^^^ ^ (1 + 0(no) ) . So we have 



9nf 



167r4|i,|4 



(4.14) 

Now we compute the second term. We have 

/ l^oe,il'(2e,i-4/;j)dt; 
Jx 

= [ l^^jl'(2% - ^fu) dv+ [ {\Koe,f - \Koe^?){2e^- - 4^j) dv 
JX Jx 



(4.15) 



+ / \Koe^{2{e^-e^-A{f^-f^dfv. 

IX 



For the second term in the above equation, we have 



X 



|2|| 

-ixl Wo 



C^led+MhDdv 



X 



<moeg'-\Ko^i. 

<\\\Koe^j\ + |Koe,,|||o||ifo(e,j - e,,)||o Jj2\Z^,\ + Mfd) dv = 0(^)0(^)0(^) = O(^). 
For the second term in the above equation, we have 



Q 



\Koei^(2{e^-e^-^h-fu))dv 



X 



,4 



< C„||K„e.j||g(2||es - eg^k + 4|l/s - /silo) 



So we get 



(4.16) 



X 



\Koeg'(2e^ - 44) dv = j |Ko%P(2% - 4^) dv + O(^) 



X 



\Ko^u^{2Sa-^fu)dv + 



\Koed\2e,j-Affi)dv + 0{-^). 



We also have the estimate 



/ 



l^%P(2%-4/;j)dt; 



< Co\\Koef^\\l{\\e^■\\o^Q^^\f^^^^ + \\ffi\\o,ni\niJ = ^(jTTe)- 
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A direct computation shows that 



/ |i^o%P(2% - 44) dv = + O{uo)). 



647r4|ii 



q,,4 



So 

(4-17) ... ^^,..^,.^^1 167r4|ti|4' 

Now we compute the third term. We have 

(4.18) ^i{ei-.)e.j dv = e.(%)eii d« + / U^idiefi -e^j) dv + ^^ie^i - e^e^ dv . 
Jx Jx Jx Jx 

By using the same method as above, we obtain 

< CoUiieu)\\o\hi-edo < Co||A||o||iriKo(%)||o||e,^ - %||o 



/ - e^) dv 

Jx 



1 4 



<CollAllcll%lbl|e, - %ll„ = 0(|l)0(|ii,)0(^) = 0(i) 



and 



Jx 



< - eii)l|o / e.j dv < PiUolle^- - e^^h- 

A 



X 



<IIAII.II/, - = 0Q0{^)0(^) = 0{^) 



and 



/ ?i (6^7)6^7 dv 



1 • 



By putting the above results together, we get 

/ i^ie^^^U dv= f ^i(eu)eu dv + 0{^). 
Jx Jni. \h\ 



On we have 



Ciiefi) = sin^ nbiPie^j) - ^ sin^ TiPiP{e^-). 



Z.; 



5 

However, we have || =| sin^ TiPiP(ej-)||o,ni = 0(|^) which impUes 



= sin^ nPiP{e^)eii dv 



A direct computation shows that 



which impUes 



e -7 dv = — 



Jx 

So we obtain 

(4.19) 36r^{h^f [ C^ie^e^dv 



32n^ \ti\H. 



(l + Oiuo)). 



.14 



(1 + O(no)). 
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Now we estimate the first term. We have 



/ Tiiie^iiie^ dv= [ T^i(ei^ii(e^ dv + [ rC,(e,. - %)^,(% 
Jx Jx Jx 

Jx 



dv 



By using the same method we can get 



Jx 



<Co\\ni{e,j-e^)\\o\Ue,j}\\o < ColUe^ - e^)\\o\Ueu)\\o 



Similarly, 



So we have 



Jx 



Hi - Hi) dv 



Of—) 

^\tir 



X 



me^MH)dv= I me^Me^)dv + 0{^). 



X 



To estimate T^i(e-j), we introduce another approximation function. Pick C2 < ci and let r/i G 
C°°(M, [0, 1]) be the cut-ofT function defined by 



(4.20) 



r]i{x) = 1, X < logC2; 
r]i{x) =0, x> logci; 

< rii{x) < 1, logC2 < X < logci. 

For i < m define the function di by 

''-|sin^TjCOs2ri|6ip6i, ^ e ^i,^; 

(-|sin^riCOs2Tj|6ip6i)r?i(logri), z e Cll^ and C2 < n < ci; 

{-Isin^ TiCOs2Ti\bi\'^bi)r]i{log Pi - logrj), z G and c^Vi < < 03^1; 
10, ^e^\J^'cr 
A simple computation shows that 

,5 



di{z) = < 



which implies 



||ei(%)-(n + iKI|o = o(^) 



miH)-d^\\o = 0{^). 



So 



/ ^^^^ = / diCi{e^)dv+ f {TCi{eii)-di)(i{e^)dv. 

Jx Jx Jx 



We have the estimate 



/ {ni{H)-diMeu)dv 
Jx 



< Co||Te,(%) - di\\oUi{H)\\o = O(^) 



which implies 



We also have 



jju^im^ii) dv = J^dMH) '^^+^(^)- 



di^iin) = -di— sin^ TibiP{eii) - di— sin^ TiPiP{eg). 
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Since Wdif^sin^ npiP {e-j)\\o = O(^) and sin^ ri6iP(e.j)||o,n.^\n^^ = O(^), we get 

/ mie^^ie^ dv= [ dUea) dv + 0{^). 
Jx Jni^ \h\ 

A direct computation shows that 
which impUes 

(4.21) T(e.(e,j))e,(e,^) dv = j^^i^ + OK)). 
By combining formulas ()5.3|1 . ()4.17|1 . ()4.19|) and H4.14() we obtain 

Gi = ^(l + 0(„„)). 

Together with Lemma l4.1()l we proved formula (|4.11|) . The formula (|4.12j) can be proved using 
similar method with a case by case hke the proof of Lemma I4.1()[ 

Now we give a weak estimate on the full curvature of the Ricci metric. Let 

(1) = ^ if i < m; 

(2) Ai = I'iii > m + 1. 

We can check the following estimates by using the methods in the proof of Lemma I4.1UI We 
have 

(4.22) R,j,j = 0(1) 
if i,j,k,l>m+l and 

(4.23) R.jf^j = 0{AiAjAkAi)Oiuo) 

if at least one of these indices i,j,k,l is less than or equal to m and they are not all equal to 
each other. 

Now we prove the boundedness of the curvatures. For the holomorphic sectional curvature, 
from (|4.11|) and (|4.12|) and Corollarv 14.21 it is clear that there is a constant Cq > 1 depending 
on Xq and 6 such that if s)\ < 6, then 

(1) C,'4<Raa<Corl, if.<m; 

(2) \R^i^<CoTl,ifi>m + l. 

We cover the divisor Y = M.g\M.g by such open coordinate charts. Since Y is compact, we can 
pick finitely many such coordinate charts Hi, . . . , Sg such that Y C IJs=i '^s- Clearly there is an 
open neighborhood iV of 1" such that C IJs=i '^s- From formulas 1)4. 22() . ()4.23|) and the above 
argument, we know that the holomorphic sectional curvature of r is bounded from above and 
below on A^. However, Mg \N \s a compact set of so the holomorphic sectional curvature 
is also bounded on Mg \ N which implies the holomorphic sectional curvature is bounded on 

Mg. 

The bisectional curvature and the Ricci curvature of the Ricci metric can be proved to be 
bounded by using 1)4. 22() . (|4.23|) and a similar argument as above, together with the covering 
and compactness argument. This finishes the proof. 

□ 

Remark 4.4. The estimates of the bisectional curvature and the Ricci curvature are not optimal. 
A sharper estimate will be given in our next paper [£]. 
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5. The perturbed Ricci metric and its curvatures 



In this section we introduce another new metric, the perturbed Ricci metric. This metric 
is obtained by adding a constant multiple of the Weil-Petersson metric to the Ricci metric. 
By doing this we construct a natural complete metric whose holomorphic sectional curvature 
is negatively bounded. We will see that the holomorphic sectional curvature of the perturbed 
Ricci metric near an interior point of the moduli space is dominated by the curvature of the 
large constant multiple of the Weil-Petersson metric. Similar argument holds for the holomor- 
phic sectional curvature of the perturbed Ricci metric in the non-degenerate directions near a 
boundary point. 

Definition 5.1. For any constant C > 0, we call the metric 

the perturbed Ricci metric with constant C. 

We first give the curvature formula of the perturbed Ricci metric. We use Pfj^i to denote the 
curvature tensor of the perturbed Ricci metric. 

Theorem 5.1. Let si, • • • , s„ be local holomorphic coordinates at s £ Mg. Then at s, we have 
Pm =/^"^ {^1^2 ^ {(° + ^)''Me,j)Me^-^) + (□ + l)-'me,jm^iej} dv^ 

_rP-^h'^f^h^'!^a,l^ Ue^li)e^-p dv^ !^a, Uepj)e^s) dv'j 

Proof. Let si, • • • , be normal coordinates at a point s £ Mg with respect to the Weil- 
Petersson metric. By formula 1)3. 16(1 . at the point s we have 

= dkT^j + Cdk\- = h'^~^ jai / {Uei^)e^p) dv\ + r^-T^ + Cdu\. 
(5.2) _ I JXs ) 



f^i / i^k{eij)e^-0) dv 



X, 

since F^^ = dkh-j = at this point. Now at s the curvature of the Weil-Petersson metric is 

R^■]kl = ^dkh.j. 
The theorem follows from formulas (|3.5() . 1)5. 2() and 1)3. 36() . 

□ 

Now we estimate the curvature of the perturbed Ricci metric using formula ()5.1|1 . The fol- 
lowing two linear algebra lemmas will be used to handle the inverse matrix r*-' near an interior 
point and a boundary point. 

Lemma 5.1. Let D be a neighborhood o/O in C" and let A and B be two positive definite nxn 
Hermitian matrix functions on D such that they are bounded from above and below on D and 
each entry of them are bounded. Then each entry of the inverse matrix {A -j- CB)~^ = 0{C^^) 
when C is very large. 

Proof. Consider the determinant det(yl + CB). It is a polynomial of C of degree n and the 
coefficient of the leading term is det(i?) which is bounded from below. All other coefficients are 
bounded since they only depend on the entries of A and B. So we can pick C large such that 
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det{A + CB) > \ det(5)C". Now the determinant of the (z, j) -mmor oi A + CB is a polynomial 
of C of degree at most n — 1 and the coefficients are bounded since they only depend on the 
entries of A and B. From the fact that the (i, j)-entry is the quotient of the determinant of the 
(i, j)-minor and the determinant of the matrix A + CB, the lemma follows directly. 

n 

Lemma 5.2. Let Xq G Aig be a codimension m boundary point and let (ti,-- - ,s„) be the 
pinching coordinates near Xq. Then for \(t,s)\ < 6 with 6 small, we have that, for any C > 0, 

(1) < f'^ < r'* for all i; 

(2) f*^ = 0{\titj\), ifi,j <m andi^ j; 

(3) t'^ = 0{\ti\), ifi<mandj>m+ 1; 

(4) = 0(1), ifi,j > m + 1. 

Furthermore, the bounds in the last three claims are independent of the choice of C . 

Proof. The first claim is a general fact of linear algebra. To prove the last three claims, we 
denote the submatrices ('^ij)i,j>m+i and {h^j)i,j>m+i by A and B. These two matrices represent 
the non-degenerate directions of the Ricci metric and the Weil-Petersson metric respectively. 
By the work of Masur, we know that the matrix B can by extended to the boundary non- 
degenerately. This implies that B has a positive lower bound. By Corollary 1)4.1(1 we know that 
B is bounded from above. Now by the work of Wolpert, since uJr > Cuwp where C only depend 
on the genus of the Riemann surface, we know that A has a positive lower bound. By Corollary 
14. 21 we know that A is bounded from above. So both matrices A and B are bounded from above 
and below and all their entries are bounded as long as \{t, s)\ < 5. 

By Corollary 14.11 and Corollary 14.21 we know that 

T ^ 

'^'^ A + CB 



where T is an m x m matrix given by 



T 



/ 



V 



\t\tm I 



{0{uQ) + CO{uiUra)) 



g^(OK) + CO(nin„)) \ 

^)(i + oM) / 



+ 



which represent the degenerate directions of the perturbed Ricci metric and \I' is an m x (n — m) 
matrix given by 



/ ^(0(1) + C0(^i)) ... ^{0{l) + CO{u,)) \ 



V ^^{0{l) + CO{um)) 

which represents the mixed directions of the perturbed Ricci metric 
A direct computation shows that 

,2 



|^(0(l) + CO(n^)) / 



-.—w 3 Cn 



=1 



where the 0{uq) term is independent of C. Let <l>ij be the (i,j)-minor of (r^j) obtained by 
deleting the i-th row and j-th column of (jfj)- By using the fact that 

det$,- 



det r 
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the lemma follows from a direct computation of the determinant of . 

□ 

Now we prove the main theorem of this section. 

Theorem 5.2. For a suitable choice of positive constant C , the perturbed Ricci metric Tq = 

T--7 + C/i-T is complete and its holomorphic sectional curvatures are negative and bounded from 
''J 

above and below by negative constants. Furthermore, the Ricci curvature of the perturbed Ricci 
metric is bounded from above and below. 

Proof. It is clear that the metric r^j is complete as long as C > since it is greater than the 
Ricci metric which is complete. 

Now we estimate the holomorphic sectional curvature. We first show that, for any codimension 
m point Xq S M.g\Aig, there are constants Co, (5 > such that, if (t, s) = (ti, • • • , tm-, Sm+i, • • • j Sn) 
is the pinching coordinates at p with s)| < 5 and C > Co, the holomorphic sectional curvature 
of the metric r is negative. We first consider the degeneration directions. Let i = j = k = I < m. 
As in the proof of Theorem 14. 4( we let 

Ci =2^ j Tii^ieM^^d dv + m^ I \Koe£{2e^-Af^ dv 
(5.3) ^ ^ 



36?" (/i^ 



/ iii^^ilK-i dv 
Jx 



2 



r^ih^'R,.,. 



mi 



and C2 be the summation of those terms in ()5.1() in which at least one of the indices p, q, a, f3, 7, 6 
is not i. We have P^j^j = Gi + G2 + CRf^^^. We notice here that we can use Lemma instead 
of Corollary 14.21 in the proof of Lemma l4. lUI without changing any estimate. This implies that 

1^21=0(1^^). By the proof of Theorem lO we have 
which implies 



9 3 27r2CM,-._i\ nf 3C 



as long as 5 is small enough. Furthermore, P^j-j is bounded above and below by constant 
multiple of where the constants may depend on C. However, when C is fixed, the constants 
are universal if 6 is small enough. 

Now we let i = j = k = I > m + 1. By the proof of Theorem 14.41 and Lemma 15.21 we know 
that P^j-j = 0(1) + CR-jj^. We also know that i?^^.^ > has a positive lower bound. Again, by 
using the extension theorem of Masur, we can choose Co large enough such that, when C > Co, 
we have > 0. Furthermore, is bounded from above and below by constant multiple of 

where the constants may depend on C,m,n, Xq and the choice of fm+ij • • • , fn if <^ is small 
enough. We also have estimates similar to ()4.22|) and (|4.23j) : 

(5-6) Pq,j = 0(1) + CR^.,j 

if i, j,k,l > m + 1 and 

(5.7) P,j,j = 0(A,A,A,AOO(no) + CR^j.j 

if at least one of these indices i,j,k,l is less than or equal to m and they are not all equal to 
each other. So we can choose 5 small such that, if \{t, s)\ < S, then the holomorphic sectional 
curvature is bounded from above and below by negative constants which may depend on C. 

Now we consider the interior points. Fix a point p G Mg and a small neighborhood D of p 
such that D C Mg- Since the Ricci metric and Weil-Petersson metric are uniformly bounded in 
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D, we have P-jjj = 0(1) + CR-jjj. Using a similar argument as above, we can choose a Co such 
that, when C > Cq, the holomorphic sectional curvature is bounded from above and below by 
negative constants which may depend on C. 

Since the divisor Mg \ Mg is compact, we can find finitely many boundary charts of A4g 
described above such that the holomorphic sectional curvature of r is pinched by two negative 
constants which depend on C on these charts. Furthermore, there is a neighborhood of 
A4g \ Mg in A4g such that N is contained in the union of these charts. It is clear that we 
can find a constant Ci such that on N, the holomorphic sectional curvature of r is pinched by 
negative constants when C > Ci. 

Also, since the set Mg \ N is compact, by the above argument, we can find finitely many 
interior charts described above such that their union covers A4g \ N and a constant C2, such 
that the holomorphic sectional curvature of r is pinched by negative constants when C > C2. 
Again, the bounds may depend on C.By taking a constant C > max{Ci,C2}, we have proved 
the first part of the theorem. The Ricci curvature can be estimated in a similar way as we did 
in the proof of Theorem 14.41 together with Lemma l5.ll and 15.21 

□ 

Remark 5.1. By using the negativity of the Ricci curvature of the Weil-Petersson metric and 
estimates ()5.5p , (|5.6() and ()5.7|) , we can actually show that the Ricci curvature of the perturbed 
Ricci metric is pinched between two negative constants. The detail will be given in our next 
paper. 

6. Equivalent metrics on the moduli space 

In this section, we prove the equivalence among the Ricci metric, perturbed Ricci metric, 
Kahler-Einstein metric and the McMullen metric. These equivalences imply that the Teichmiiller 
metric is equivalent to the Kahler-Einstein metric which gives a positive answer to Yau's Conjec- 
ture. The main tool we use is the Schwarz-Yau Lemma. Also, to control the McMullen metric, 
we give a simple formula of the first derivative of the geodesic length functions. 

Lemma 6.1. The Weil-Petersson metric is bounded above by a constant multiple of the Ricci 
metric. Namely, there is a constant a > such that uj\\rp < auor- 

Proof. This lemma follows from Corollarv l4. II and Corollarv 14.21 It also follows directly from 
Schwarz-Yau Lemma. 

□ 

By using this simple result, we have 

Theorem 6.1. The Ricci metric and the perturbed Ricci metric are equivalent. 

Proof. Since t--i = t-t + C/i-7 and C > 0, we know that the Ricci metric is bounded above 
by the perturbed Ricci metric. By using the above lemma, we also have the bound of the other 
side. 

n 

By the work of Cheng and Yau [2] and Mok and Yau , there is a unique complete Kahler- 
Einstein metric on the moduli space whose Ricci curvature is —1. One of the main results of 
this section is the equivalence of the Kahler-Einstein metric and the Ricci metric. To prove this 
result, we need the following simple fact of linear algebra. 

Lemma 6.2. Let A and B be positive definite nx n Hermitian matrices and let a, (3 be positive 
constants such that B > aA and det(i?) < /3det(A). Then there is a constant 7 > depending 
on a, [3 and n such that B < jA. 

Theorem 6.2. The Ricci metric is equivalent to the Kahler-Einstein metric qke- 
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Proof. Consider the identity map i : {Mg, gxE) ~^ {■M.gjT). We know that the Kahler- 
Einstein metric is complete and its Ricci curvature is —1. By Theorem 15.21 we know that the 
holomorphic sectional curvatures of the perturbed Ricci metric is bounded above by a negative 
constant. From the Schwarz-Yau Lemma, there is a constant cq > such that 

gxE > cqt. 

From Theorem 16.11 we know that the Kahler-Einstein metric is bounded below by a constant 
multiple of the Ricci metric 

(6.1) gKE > cqt. 

Now we consider the identity map j : {Mg,T) {Mg, Qke)- By Theorem 14.41 we know that 
the Ricci curvature of the Ricci metric is bounded from below. Also, the Ricci curvature of 
the Kahler-Einstein metric is —1. From the Schwarz-Yau Lemma for volume forms, there is a 
constant ci > such that 

(6.2) det{gKE) <cidet{T). 

By combining formula ()6.1() . 1)6. 2() and Lemma 16.21 we have proved the theorem. 

□ 

Now we consider the McMullen metric. In P| McMullen constructed a new metric gi/i on 

A4g which is equivalent to the Teichmhller metric and is Kahler hyperbolic. More precisely, let 
Log : M+ — > [0, oo) be a smooth function such that 

(1) Log{x) = logx if x > 2; 

(2) Logix) = if X < 1. 

For suitable choices of small constants 5,e > 0, the Kahler form of the McMullen metric gi/i is 

uJi/i = ojwp — ddLogY 

ljiX)<e 

where the sum is taken over primitive short geodesies 7 on X. We will also write this as ujm- 

To compare the Ricci metric and the McMullen metric, we compute the first order derivative 
of the short geodesies. 

Lemma 6.3. Let Xq £ Mg be a codimension m boundary point and let (ti,-- - ,Sn) be the 
pinching coordinates near Xq. Let Ij be the length of the geodesic on the collar fli. Then 

dilj = -TTUjbl 

if i ^ j and 

dilj = —nujbi 
if i = j. Here and bi are defined in Lemma \4.S\ 

Proof. It is clear that on the genuine collar l^c, XAi is an anti- holomorphic quadratic dif- 
ferential. By using the rs-coordinate z on Qi, we can denote XAi by Ki{z)dz'^. We consider the 
coefficient of the term in the expansion of Ki and denote it by C_2(Ki). From formula (|4.2|) 
and Lemma l4. 21 we know that 

(6.3) C_2(Ki) = in^^f. 

Now we use a different way to compute C-2('^i)- Fix (to, sq) with small norm and let X = Xt^^so- 
Let w be the rs-coordinates on the j-th collar of Xt^s and let z be the rs-coordinate on the j-th 
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collar of X. Clearly w = w{z,t,s) is holomorphic with respect to z and when {t,s) = (toi^o) 
we have w = z. We pull-back the metric on the j-th collar of Xt^s to X. We have 



A 



1 2| I 



' csc^(nj log \ w\ 



dw 



dz 



is the Kahler-Einstein metric on the j'-th collar of Xt^s- Now from formulas (|2.2j) and (|2..S|) . at 
point (to;So), a simple computation shows that 



(6.4) K,(z) = -^^+-^^ 



z2 



UjdiUj since the contribution of the last 



z z 
From the above formula we can see that C_2(Kj) 
three terms in the above formula to C_2(Kj) is 0. By comparing equations (|6.3p and (|6.4j) we 
have 

The lemma follows from the fact that Ij = 2TiUj. Again, the above argument also works when 
i = j. In this case, we replace 6^ by 6j. 

□ 

Now we can prove another main theorem of this section. 

Theorem 6.3. The Ricci metric is equivalent to the McMullen metric, the Teichmiiller metric 
and the Kobayashi metric. 

Proof. Royden proved that the Teichmiiller metric is the same as the Kobayashi metric. Also, 
the equivalence of the McMullen metric and the Teichmiiller metric was proved by McMullen j^] . 
We only need to show the equivalence between the Ricci metric and the McMullen gi/i metric. 

Since the Ricci curvature of the gi/i metric is bounded from below and it is complete, by the 
Schwarz-Yau lemma we know that 

r < f < Cogi/i 

for some constant Cq. Now we prove the other bound. Fix a boundary point Xq and the pinching 
coordinates near Xq. By Theorem 1.1 and Theorem 1.7 of [Hj we know that there are constants 
ci,C2 such that, when i <m, 



i9i/l)i 



d 



dt. 



< ci 



(6.5) 



--C2 



9i/l 

d 



d 



dt,. 



< 02 



d 



dti 



2 

WP 



{d log 



d_ 



dti 



WP 



m \ 

+ ^|a,iog/jf). 

3=1 ^ 



By Lemma 16.31 we know that 



l^jlog lj\ 



-TTUjlyl 



From Lemma 14.21 we have 



^ l^jlog Ij 



1 ui 



4 7r2|t,|2 



[1 + Oiuo)). 



From the above formulas and Corollarv 14. II and Corollarv 14.21 we know that there is a constant 
C3 such that 



d 



dti 



+ ^|9aog/jf < csr.- 
WP ,=1 
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which imphes 



(6-6) {gi/i)i-i < CiT-j 

where C4 is another constant. The same argument works when i > m + 1. So formula ()6.6() 
holds for all i. Since the McMullen metric is bounded from below by a constant multiple of the 
Ricci metric and the diagonal terms of its metric matrix is bounded from above by a constant 
multiple of the diagonal terms of matrix of the Ricci metric, a simple linear algebra fact shows 
that there is a constant C5 such that 

The theorem follows from a compactness argument as we have used in previous sections. 

□ 



7. Appendix: the proof of Lemma 4.10 

We will prove Lemma 14.101 in this appendix which consists of some computational details. 
We fix a nodal surface Xq which corresponding to a codimension m boundary point in A4g. Let 
{t, s) be the pinching coordinates near Xq such that Xq^ = Xq. Fix (t, s) with small norm, we 
denote Xt^s by X. In the curvature formula (|3.30|) . we \et i = j = k = I < m. The term G2 is a 
summation of the following four types of terms: 

(1) / = /i°^{aicT2/^{r(a(e,j))6M+r(6(e,j))eMe„|)} dv} with (a, /3) / (i, i); 

(2) // = h-'^ {ai /^^ Q,|(e,j)e^^ dv} with (a, /3) / {i, i); 

(3) III = rP-^h-^h-r'^ [a, J^^ U^tide-p dv) [a, J^^ ?Ksj)e,^) dv} 

with (p, g, a, /3, 7, (5) / 

(4) IV = r-^hP-m,-^j with (p, q) / (i, i) 

where T = (□ + 1)-^. Now we check that the norm of each type is bounded by 0(||^). In the 
following, Cq will be a unversal constant which may change but is independent of the Riemann 
surface as long as (t, s) has small norm. 

Case 1. We check that each term in the sum IV has the desired bound. By Corollarv 14.21 
and its proof we have 



O(^), ifg>m + l; 

By using the above formula and Corollary 14.11 and 14.21 and by a case by case check we have 



This proves that the norm of the last term is bounded by = 
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Case 2. We check that each term in the sum / has the desired bound. Firstly, when 
i = j = k = I, we have 



(Tl(T2 



=2 {r(e.(e,j))|,(e„^) + 2T{C,{e,-^))Ue^) + mie^m^ie^)] 
+ 2T{Ue,-p))Ueu)- 

We estimate the integration of each term in the above summation. To estimate these terms, we 
note that, \i a ^ (3 or a = [3 > m + 1, then 



(7.2) 

Also, we have 
(7.3) 



h'^^fo.-pWi =0{l). 



\\P{e^-p)h<\\e-,h<C,\\f^-e 



a/3 I 



lap 



|1- 



These formulae can be checked easily by using Theorem 14.11 Corollary 14.11 Lemma 14.31 and 
Lemma 14.71 



Now we estimate 



. If a 7^ /? or Q = /3 > m + 1, we have 



X 



< / mUeaW dv / |e,(e„^)|^ dv 



< / dv / \Ue^-^r dv 



X 



X 



X JX 

dv / 4|P(e,^)r dv 



X 



X 



< 



ll^'Mll0||P(e,^)||0% < CoWfdlWfa-^hKl = 0{TTh)\\fa-p 



2 

Since = 0(|^). Together with formula JT^l) we have 



J X 

li a = (3 < m and q 7^ i, we have 



dv 



T{^i{en))ii{eaa) dv 



X 



(7.4) 

From Lemma 14.71 we have 



< 



X 



+ 



X 
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So 



IX 

<\\P{e^ 



rte(e,T))e.(e, 



< \\P{eaa - e 



aaJWO 



X 



/ \miea))\'dv / fi^dv 



X 



X 



(7.5) 



<\\PieaT, - ^)\\o ( 1^ Ueu)r dv f^j dv 



fdPieu)rdv / fadv 



|0 I / •'III" Vi« 
'X 



X 



4 5 

<\\P{e.^ - ^)\\o\\ed2hu = 0{j^)0{j^). 

Since the support of is inside fi", we know the support of P(ew«) is inside fi". From Lemma 
14.81 we have 



X 



T{ii{e^i))ii{eaoi) dv 



T{ii{e^-^))ii{eacd dv 



(7.6) 



<\\A,hM\T{Uei{))UP{^)\L^ < \mo,ndUeii)\\o\P{^)\ 



.||o,n?||^.||o||P(e,j)||oinS^)lLi = 0(^)0(^)0(^)0(^) 



By combining the inequahties 1)7. 5(1 and 1)7. 6(1 we know that 



X 



Pi^iienMiieaa) dv 



■\to 



From Lemma l4. II we have 



/ m{eu)Mea7,) dv 

X 



We finish the estimate of the first term in the sum (|7.H) . The integration of other terms in this 
sum can be estimated in a similar way. 

Case 3. We check that each term in the sum /// has the desired bound. By Lemma 14.21 we 
first prove that when g / i and k = i, 



(7.7) 



0-1 I ^ik{eiq)e^-^ dv 



5 

O(^) ifg>m + l 



m 
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Again, we do by base check. First we estimate Ih"^^ fx Ci{^iq)^a]3 ^'^ 

a = f3 > m + 1, we have 



. If a / /? or 



X 



eiqCiie^-^) dv 



X 



< [ I Ueo^is)^ dv I \eig\^ dv 



X 



X 



< ( / fdPie^-p)\' dv I \frq\' dv ) < ||P(e,^)||o ( / h dv / fafqq dv 



IX JX 

<||P(e„^)||oP,||o% = O(-^)||4^||iP,ll0. 



X 



X 



This imphes 

/i"^/ ^i{e^^)e^-^ dv 
li a = (3 < m and q 7^ i, we have 

dv 



0{^)\\Aq\W 





ii(^iq)(^aa dv 


< 


Jx 







X 



+ 



X 



For the second term in the above formula, we have 



^i{(^iq){^aa ^aoi) dv 



< ( I \eiq\ dv J \^i{ec 



/ (^iqCii^c 

Jx 



Baa) dv 



dv] <{ I \fiq\ dv I ffi\P{eaa - eaa)\ dv 



X 



<\\Pieaa - eaa)\\o [ j ffifqqdvj /- ) < \\eaa - eaahWAgWoh-j 



<||/«a - eaalbMgllo^ = 0{ 



0(^)\\Ag\\o. 



I •'a I I . , 

For the first term in the above formula, we have 



/ ^i(Cj(jf)Caa dv 




/ £,i{(^iq)('aa dv 


< 


Jx 




Jn^ 





< \\Ai\\o,n^\\P{eiq)\\Q eaadv 



< \\Ai\\o,n^Jei-qh / ^dv< 0(-i^)0(-^) ||/, 



ig 1 1 1 • 



By combining the above two formulas we have the desired bound for fx Ci{^iq)^aa dv\. 
When a = (3 = i, hy using a similar method we can show that h^^ fx Cii^iq)^ii dv = 

3 

||vlg||o- From the above estimates we have proved that the term h°'^ f-^ £,i{eiq)e^-j^ dv 

in formula H7.7() has the desired estimate. By using similar method we can show that the other 
terms in ()7.7() have the desired estimate. This proves formula (|7.7() . 
In a similar way, in the case q = i we can prove that, when k = i, 



(7.9) 



{ / Ck{eiq)e g dv 



X 



if a = /3 = i; 
O(^), ifa/ior 



By combining formulas 1)7. 8|) and 1)7.9(1 we conclude that each term in the sum III is of order 
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Case 4. We need to show that each term in the sum II is of order 0{i^). This case can 
be proved by a case by case check by using the similar estimates as in the third case together 
with Lemma 14.91 This finishes the proof. 

□ 

Remark 7.1. The method we estimate these terms can be directly applied to the computations 
of the full curvature tensor and we can get certain bounds for the bisectional curvature and the 
Ricci curvature of the Ricci metric as well as the perturbed Ricci metric. 
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